Abstract. A conjecture of many years standing in General Relativity is that static stellar models, under physically reasonable assumptions, must be spherically symmetric. Despite some real progress in the last eighteen years (Beig and Simon, Masood-ul-Alam) a proof of the conjecture, in its full generality, has remained elusive.
Introduction
A static stellar system consists of a collection of stars in a static spacetime which looks like Minkowski spacetime at large distances from the stellar region.
We will need to be more technically precise later (in §2). However, as a first iteration, we define a static stellar system as a complete, asymptotically flat, static spacetime with metric ds 2 = −V 2 dt 2 + g ab dx a dx b , V and g independent of t;
which satisfies the Einstein equations with perfect fluid sources. Each t =constant slice is diffeomorphic to a complete Riemannian 3-manifold (N, g). The manifold N consists of an "exterior" or vacuum region and an "interior" (or stellar) region Ω which may consist of a number of stars. We will assume the exterior has one "end" and is asymptotically flat (this condition can be relaxed in light of the work of Anderson [1] ). Each interior region is a bounded, connected, three dimensional subset of N , the boundary given by the free surface boundary condition p = 0, where p is the pressure of the stellar fluid. The variables V (> 0), g, ρ and p must satisfy the Euler-Einstein system of equations in the interior regions and the vacuum Einstein equations in the exterior region. These equations are, ∆V = 4πV (ρ + 3p) p ;a = − (ρ + p) V V ;a (1)
It is an old conjecture that, under some conditions on ρ and p, a static stellar system must be spherically symmetric (the "fluid ball" conjecture of Künzle and Savage, [2] ). Real progress toward a proof of this conjecture had to await the proof of the positive mass theorem by Schoen and Yau [3] . The key idea (due to Masoodul-Alam, [4] ) is to conformally rescale to a metric g ′ which has (ADM) mass zero and R (the scalar curvature) ≥ 0. One then applies a corollary of the positive mass theorem to show that (N, g ′ ) is isometric to Euclidean R 3 , so that (N, g) is conformally flat. Spherical symmetry then follows by standard means (see for example, [5] ). Carrying out this program has often required considerable ingenuity, although it has now been completed for a large class of equations of state -see [6] and [7] . In all cases, however , one requires a differentiable equation of state, ρ = ρ(p), which satisfies a certain second order differential constraint.
In this article we will prove the conjecture under quite mild assumptions. We will not assume the existence of a "spherical reference model", nor will we assume the existence of an equation of state or any differential constraints on the pressure and density (cf I ≤ 0, of [6] or [7] ). We will also allow for the possibility of more than one star.
Main Theorem. Suppose that the density, ρ, and pressure, p, of a static stellar system satisfy ρ ≥ 0 and ρ + 6p ≥ 0. Then the system is spherically symmetric with one central star.
A precise definition of the phrase "static stellar system" is given in §2. The proof of the theorem is given in §5, where we first establish, in Proposition 2, the existence of non-negative solutions to a certain equation involving the conformal Laplacian; the non-negativity of these solutions allow us to produce a simple proof of the Main Theorem once we have completed a series of important intermediary steps. Before commencing the proof we need to establish a number of preliminary results involving the key functions defined on our static stellar spacetimes. Of particular importance is the "inversion" transformation of §3 from which we get elliptic differential inequalities of the appropriate sign for a proof of Proposition 2. In §4 we define the required differential operators and their relation to the conformal geometry of N .
We begin with a technically precise definition of our static stellar systems.
Static Stellar Systems
We will follow standard treatments in defining (N, g) as an asymptotically Euclidean manifold (see for example Choquet-Bruhat, Isenberg and York [8] , and Bartnik [9] ). This definition will be given in terms of weighted Sobolev spaces W s,q δ , where we follow the indexing conventions of [9] . In brief, for functions on R 3 , we have, f ∈ W s,q δ if f and its first s weak derivatives are measurable functions in L q loc (R 3 ) such that the norm
is finite; here j is a multi-index and σ = 1 + |x| 2 . The advantage of this notation is that δ gives the "decay rate" -if 3 < sq then (from the Sobolev inequality), |f (x)| = o(|x| δ ) as |x| → ∞. This definition can be generalised to manifolds, Euclidean at infinity, in a straight forward manner (see [9] and [8] ) -σ becomes √ 1 + d 2 (d the distance from a point in N to a fixed point) and dx becomes the volume element in the metric g (written as, µ g ). In looking at the asymptotics of various functions we also need to define these weighted function spaces over subsets of N , in particular we will need W s,q δ (N R ) where N R = N \K, with K the compact set defined below.
We define (N, g) as an Asymptotically Euclidean (AE) manifold in the standard manner ( [8] ).
• there is a compact set K such that N \K is diffeomorphic to E R = R 3 \B R (0), for some ball, B R (0), radius R;
• in the coordinates defined by the above diffeomorphism we have
here e is the standard Euclidean metric and R(g) the scalar curvature of g.
These hypotheses imply that g is C 1,α (0 < α ≤ 1) and that g −e tends to zero at infinity. These conditions also guarantee that the mass, m, of (N, g) is well-defined (see Bartnik, [9] ).
We are now in a position to define a Static Stellar (SS) system. Note that an SS system does not include any conditions on the signs of p and ρ and that the stars need not be simply connected. A star boundary, a connected component of ∂Ω, will be given by a level set of V , determined from the free surface boundary condition p = 0. Each component of ∂Ω will be C 1,α under the above hypotheses.
In the following lemma we present two results which follow in a straightforward manner from the above definitions and standard results on the inversion of the Laplacian (see, for example, [9] ). Lemma 1. For an SS system the following estimates hold,
Proof. See for example [10] and [11] .
We have, as yet, made no assumptions on the signs of p and ρ so the sign of the mass, m, is not determined. We note, however, that if ρ + 3p ≥ 0 then, by the maximum principle, 0 < V < 1 and m ≥ 0.
Inversion
To prove spherical symmetry of a static, perfect fluid spacetime we will apply the maximum principle to solutions of a certain elliptic equations. However, our operators will be those of a conformally transformed metric, not the original g. This conformally related geometry is described in the following lemma.
Lemma 2 (Inversion). Suppose g, V , ρ and p are the metric, potential, density and pressure for an SS system. Thenĝ,V ,ρ andp are the metric, potential, density and pressure for an SS system with,
Proof. Firstly, we note that if (N, g) satisfies the conditions of an AE manifold then so does (N,ĝ). In fact, it is clear that the "hatted" quantities satisfy all the conditions of definitions 1 and 2 with the possible exception of the satisfaction of the Einstein equations. We need to show that the quantitiesĝ,V ,ρ andp satisfy the "hatted" form of equations (1), but this is simply a matter of direct calculation. For the conformally transformed metricĝ ab = V 4 g ab we have,
However, asV;
V (where; is the covariant derivative with respect toĝ), we have after substituting from equations (3),
Verifying the first of the "hatted" form of equations (1). The other two equations are just as easily checked. The two conditions on the density and pressure of the Main Theorem -the non-negativity of ρ and ρ + 6p -imply thatρ andρ + 6p are non-positive:
It is interesting to note that the second order differential constraint on the equation of state used by Beig and Simon (I ≤ 0), [6] , and the conditions I 1 ≤ 0, I 2 ≤ 0 and I 3 ≤ 0 of [10] , are in fact invariant under the inversion transformation. It is precisely the non-positivity of I which Beig and Simon use as a constraint on the equation of state in order to prove spherical symmetry.
Conformal Transformations and Zero Scalar Curvature
The inversion transformation is simply a specific example of a conformal transformation. To prove spherical symmetry of our SS system we will show that there exists a conformal transformation of g to the standard Euclidean metric . In fact, if our AE manifold (N, g) is to be conformally flat then we know the transformation which will take g to the flat metric -it is simply the transformation (if it exists!) which takes the manifold to one of zero scalar curvature. The conformally transformed metric, u 4 g, has zero scalar curvature if there exists a suitably regular solution of,
where ∆ g and R(g) are, respectively, the Laplacian and scalar curvature with respect to the metric g. The conformal Laplace operator, L = ∆ g − 1 8 R(g), will play a pivotal role in the proof of our theorem. The existence theorem for solutions of Lu = 0 requires the following definition.
Definition 3. An AE manifold (N, g) is said to be in the positive Yamabe class if for every f ∈ C ∞ 0 (N ), f ≡ / 0, the following inequality holds,
where µ g is the volume element for the metric g.
For our SS systems we have R(g) = 16πρ, if we assume ρ ≥ 0 on Ω then clearly the manifold will be in the positive Yamabe class. One important property of the positive Yamabe class is its conformal invariance; a result which follows by integrating the identity,
with g ′ = φ 4 g and f ′ = f φ −1 (see [8] ). Now to the existence of u. The following existence theorem for solutions of the zero scalar curvature equation is due to Brill and Cantor (the "Brill-Cantor" theorem, see [12] and for generalizations see [8] ).
Proposition 1 (Brill-Cantor). On an AE manifold (N, g) the equation We can now use standard theorems on the inversion of the Laplacian (see for example [13] , or in particular theorem 1.17 of [9] ) to improve the decay estimate for u. Notice, from equations (2) and (5), that the mass of u 4 g is m − c. Since the scalar curvature of u 4 g is zero the positive mass theorem [3] asserts that the mass of (N, u 4 g) must be non-negative, that is m − c ≥ 0. If we can show that m − c = 0 then a corollary to the positive mass theorem tells us that u 4 g is isometric to the standard Euclidean metric and spherical symmetry would follow by the usual means. Notice that the same results also apply to the AE manifold (N,ĝ), the metricû 4ĝ has mass m − c andû = u/V satisfies L Vû = 0.
We have the following formulae connecting the
conformally transformed metrics.
The Main Theorem
We assume all the conditions of an SS system and we also assume that ρ and ρ + 6p are non-negative. Under these conditions we have, 0 < V < 1 and 0 < u < 1; (7) m ≥ 0 and c ≥ 0; m − c ≥ 0.
For the hatted variables we have, 1 <V < ∞ and 1 <û < ∞ -the second inequality follows from a simple maximum principle argument which shows that u > V (recall thatû = u/V ). As noted earlier,ρ andρ + 6p will be non-positive. We also have the hatted versions of (2) and (5)
We will work with the function
From (8) the asymptotic form of v is given by,
−τ (N \K), and τ > 1.
The function v(x) satisfies the following elliptic equation on N ,
. On N \Ω we have∆v = 0, so the maximum principle tells us that the minimum (and the maximum) value of v will occur either at infinity or on ∂Ω. If the minimum occurs at infinity we are finished, since in that case v > 0 on N \Ω and equation (9) implies c ≥ m. We will prove v ≥ 0 on N . The proof will be a rather straightforward consequence of the following proposition. In order to make the proof of the proposition more manageable we will first prove four preparatory lemmas. The proof of the main theorem really only requires the case 0 < ε < 1, however the essential lower bound on these solutions is developed using the solutions for ε > 1. Existence of solutions will be proved using an iterative scheme (defined in the first lemma); the cases for ε < 1 and ε > 1 will be developed in seperate lemmas. We deal with the case ε < 1 first.
Lemma 4. For each n = 1, 2, 3, . . . and any 0 ≤ ε < 1 there exists a solution of L n y n = 2πρy n−1 + 2πV (ρ + 6p) (11) where L n ≡∆ + 2π y n−1ρ and y n (x) → ε as |x| → ∞;
with y n − ε ∈ W 2,q −δ (δ > 0) and y 0 ≡V −û + ε > y 1 > y 2 > · · · > 0. Proof. Firstly, we note that the zero order term of L n is non-positive, provided y n−1 > 0, and that the right side of equation (11) is also non-positive in that case.
We begin the process with y 0 =V −û + ε > ε, and note that y 0 − ε ∈ W 2,q −δ . We can now use Choquet-Bruhat et al, [8] , to assert the existence of y 1 , with y 1 − ε ∈ W 2,q −δ , as the (unique) solution of (equation (11), with n = 1)
Using the maximum principle (the form given in Appendix B of [8] is directly applicable here) we conclude that y 1 > δ ε ≥ 0, with ε ≥ δ ε ; δ ε will depend on ε, (N,ĝ),ρ,p and y 0 . We also have,
so the maximum principle gives y 1 < y 0 .
We can now proceed with the induction. Assume y n−1 − ε, y n−2 − ε ∈ W 2,q −δ , exist as solutions to the appropriate versions of equation (11) and that y n−2 > y n−1 > 0. The elliptic equation for y n , (11) , has a solution y n − ε ∈ W 2,q −δ , (see [8] ) and the maximum principle guarantees that y n > δ ε (n) > 0. Applying the maximum principle to L n (y n − y n−1 ) = −2πρ(y n−2 − y n−1 ) 1 + 1 y n−2 ≥ 0 we find that y n < y n−1 . Which completes the induction. For each n = 1, 2, 3, . . . we have a solution y n − ε ∈ W 2,q −δ , of equation (11) with y 0 ≥ y n−1 > y n > 0.
It is a simple matter to check that y n | ε=1 =V −û + 1 for all n ∈ N is a fixed point for the iterative scheme developed in the last lemma. The next lemma deals with the case ε > 1. For each n = 1, 2, 3 , . . . and any ε > 1 there exists a solution of
Lemma 5.
where L n ≡∆ + 2π y n−1ρ and y n (x) → ε as |x| → ∞;
with y n − ε ∈ W 2,q −δ (δ > 0) and y 0 ≡V −û + ε < y 1 < y 2 < · · · < 1 +V − 2û + εû. Proof. The proof follows exactly the same pattern as the previous lemma (note the reversal of the inequalities). The last chain of inequalities follows from a straightforward induction on n and the maximum principle applied to,
The next lemma provides bounds for the difference of two solutions of equation (11), one consequence of which is the Lipschitz continuity of y n in ε. The final lemma of this section will provide the decisive lower bound for the solutions y ε n of equation (11) . It is this bound which allows us to deal with the convergence of the y n y n−1 term in equation (11) .
Lemma 7. Suppose y ε n is a solution of (11) with y n − ε ∈ W 2,q −δ (δ > 0). Then there exists a constant, C ε > 0, independent of n and depending only onV ,û and ε such that y ε n > C ε for all n ∈ N and all ε > 0.
Proof. Firstly, because of lemma 5, if ε > 1 then we can simply take C ε = ε. So we need to prove the lemma in the case ε = ε 1 < 1. We will obtain the lower bound for y ε1 n using another solution y ε2 n where ε 2 ≥ 1 ε 1 > 1. In fact, we will establish that
for ε 2 sufficiently large. This will then lead to the desired lower bound provided ε 2 is chosen to be large enough.
Define the quantity,
Note that w 0 >V −û and w n (x) → ε 1 − 1 ε 2 > 0 as |x| → ∞. If w n + 1 (ε 2 ) 3 ≥ 0 on all N and for all n then the inequality (12) applies and we are done; so we assume w n + 1 (ε 2 ) 3 < 0 for some n and on some proper subset D of N . In fact, because of the bounds in lemmas 4 and 5, if w n + 1 (ε 2 ) 3 ≥ 0 for all n > N 0 (some N 0 ) then we can still establish an inequality of the type (12) . We will prove that if n is sufficiently large then w n + 1 (ε 2 ) 3 ≥ 0, this will be established using a proof by contradiction. Assume that w n + 1 (ε 2 ) 3 < 0, for n > N 0 , on some proper, connected subset D of N . We choose N 0 large enough that
This is possible because the pointwise strictly decreasing sequence of continuous functions, y ε1 n is bounded, y ε1 0 > y ε1 n > 0, and so converges at each point of N , similarly the sequence y ε2 n will converge at each point to a strictly positive function. As a consequence given any δ > 0 there will exist an N 0 such that |w n − w n−1 | < δ whenever n > N 0 . 
, by equation (13) ≤ 0, on D.
So the maximum principle implies that w n must take its non-positive minimum on ∂D; hence w n > − 1 (ε 2 ) 3 on D. But this contradicts the definition of D! We conclude that for n > N 0 we have w n + 1 (ε2) 3 > 0 on N . Hence, using lemma 5,
where we have set
However, y ε1 n is a decreasing sequence, so we have established our full result -there exists a strictly positive constant C ε1 such that y ε1 n > C ε1 , every n ∈ N and on all N.
Proof of Proposition 2. We have established that the iterates y ε n are be bounded by two positive constants, in particular for 0 < ε < 1,
and as a consequence the proposition will essentially follow from the existence theorems of [8] . However, for the sake of completeness, we include a detailed proof of the proposition in the case where 0 < ε < 1.
The pointwise strictly decreasing sequence of continuous functions, y n , converges at each point of N to a limit v ε , satisfying y 0 > v ε ≥ C ε . We can now use standard elliptic theory on weighted spaces (see for example [9] or [8] ) to show that ∆v ε + 2πρ = 2πρv ε + 2πV (ρ + 6p), which is simplyL v ε = −2πρ + 2πV (ρ + 6p); which is, of course, exactly equation (10) . In addition we will also have v ε − ε ∈ W 2,q −δ , and y 0 > v ε ≥ C ε . We proceed by firstly writing equation (11) aŝ ∆y n = F n (x), with F n (x) = −2πρ y n y n−1 + 2πρy n−1 + 2πV (ρ + 6p).
From this equation we get the linear elliptic inequality (see [9] and [8] ),
since, by lemma (4) and lemma (7), y 0 =V −û + ε ≥ y n−1 > y n > ε 2 . This establishes the uniform boundedness of y n − ε in the W 2,q −δ norm. In fact, by choosing a subsequence if necessary, we then have that y n − ε converges in W 1,q −δ ′ (for any δ ′ , 0 < δ ′ < δ) norm to a function v ε − ε ∈ W 2,q −δ -this follows from the fact that W 2,q −δ is compactly embedded in W 1,q −δ ′ . Next, using lemma 7,
However, y n converges in W 1,q −δ ′ norm (and a fortiori in the C 0 norm) to v ε ; hence we may conclude that y n y n−1 converges, in the W 1,q −δ ′ norm, to 1. A simple calculation now shows that F n (x) is Cauchy in W 0,q −δ−2 :
where C is constant and we have used the boundedness ofρ. Using equation (11) we have∆(y n − y m ) = F n (x) − F m (x) from which we get the linear elliptic inequality
We conclude that y n − ε is a Cauchy sequence in W 2,q −δ ; y n − ε converges to v ε − ε, this convergence is automatically in C 0,α (α > 0) as q > 3 and δ > 0. We can finally assert that v ε is a positive solution of equation (10) . In the generalised sense (at least),L v ε = −2πρ + 2πV (ρ + 6p), with v ε ≥ ε.
Now to the Lipschitz continuity of v ε in ε. Fix an ε 0 , 0 < ε 0 < 1, then from lemma 6 we have after taking the limit n → ∞
The functionû is bounded (independent of ε) and so v ε is Lipschitz continuous at each ε 0 ∈ (0, 1).
We can now move to a proof of the Main Theorem, this proof will follow in a straightforward way from our last proposition. We infer that c ≥ m and consequently c = m. The metric u 4 g has mass zero and scalar curvature R(u 4 g) = 0, so (N, u 4 g) is isometrically flat (see [3] ). Standard methods (see, for example [5] ) now lead to the conclusion that (N, g) is spherically symmetric and as a consequence there is only one central star.
To conclude we note that the inversion transformation leads to one obvious corollary to our Main Theorem. Corollary 1. Suppose the pressure and density satisfy ρ ≤ 0 and ρ + 6p ≤ 0 in the stellar region of a static stellar system. Then the system is spherically symmetric with one central star.
Proof. Use the inversion transformation to convert the conditions on the density and pressure into those of the Main Theorem.
The proof of the Main Theorem depends on the fact that our SS systems have isolated sources -the density and pressure vanish outside a compact set. It has been conjectured that static asymptotically flat perfect fluid spacetimes with a fluid of infinite extent should also be spherically symmetric -Simon [10] . To prove spherical symmetry in the case where the fluid "extends to infinity" requires a somewhat delicate modification of the proof, this will be addressed in a future publication.
